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YANBO LI AND FENG WEI 

Abstract. Motivated by the intensive and powerful works of Beidar [T] [1] 
and Bresar [S1 I12] , we will study fc-commuting mappings of generalized matrix 
algebras in this article. The general form of arbitrary fc-commuting mapping 
of a generalized matrix algebra is determined. It is shown that under suitable 
hypotheses, every fc-commuting mapping of a generalized matrix algebra take 
a certain form which is said to be proper. A number of applications related 
to fc-commuting mappings are presented. These results not only give new 
perspectives to the aforementioned works of Beidar and Bresar but also extend 
the main results of Cheung, Du and Wang 17 19] to the case of generalized 
matrix algebras. 



1. Introduction 

Let us begin with the definition of generalized matrix algebras given by a Morita 

context. Let 1Z be a commutative ring with identity. A Morita context consists 

of two 7?.-algebras A and B, two bimodules aMb and bNa, and two bimodulc 

homomorphisms called the pairings $>mn '■ M®N — > A and ^nm '■ N ®M — > B 

b A 
satisfying the following commutative diagrams: 

®mn®Im 



and 



M®N®M 

B A 



N ® A 

A 



A®M 

A 



■ M 



M®B 

B 



N^Mt&N *nm®i n B®>N 

A B B 



■N. 
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Let us write this Morita context as (A, B, M, N, &mn, &nm)- We refer the reader 
to [27] for the basic properties of Morita contexts. If (A,B,M,N, &mn,&nm) is 
a Morita context, then the set 

a £ A,m E M, n £ N, b £ b\ 

form an 7?.-algcbra under matrix-like addition and matrix-like multiplication, where 
at least one of the two bimodules M and N is distinct from zero. Such an 7?.-algebra 
is usually called a generalized matrix algebra of order 2 and is denoted by Q — [ ^ } . 
In particular, if one of the modules M and N is zero, then Q exactly degenerates to 
the so-called triangular algebra. Many examples of generalized matrix algebras are 
presented in [28], including full matrix algebras, standard generalized matrix alge- 
bras and quasi-hereditary algebras, inflated algebras, upper and lower triangular 
matrix algebras, block upper and lower triangular matrix algebras, nest algebras 
and so on. It should be pointed out that our current generalized matrix algebras 
contain those generalized matrix algebras in sense of Brown |16] as special cases. 

Let 1Z be a commutative ring with identity element and A a unital associative 
7^-algebra. For arbitrary elements a, b £ A, we set [a, b} a = a, [a,b]i = ab — ba, 
and inductively [a, b)k = [[a, b]k-i, b], where fc is a fixed positive integer. Denote by 
Z(A) the center of A and define 

Z(A) k = {a £ A | [a,x] k = 0, Vx £ A}. 

Clearly, Z{A)\ = Z{A). An 1Z- linear mapping : A — > A is said to be k- 
commuting on A if [0(a), a]k = for all a £ A. In particular, an 7^-linear mapping 
: A — > A is called commuting on A if [0(a), a] = for all a £ A When we 
investigate a fc-commuting mapping of an algebra A, the principal task is to 
describe its form. Let be a fc-commuting mapping of an 7?.-algebra A. Then 
will be called proper if it has the form 

0(a) = \a + C(a) (*) 

for all a £ A, where A £ Z(A) and £ : A — > Z(A) is an 7?.-linear mapping. Brcsar 
[10] showed that an 7?.-linear mapping of a prime algebra A is commuting if and 
only if it has the form (#). This result gives rise to the study of various more 
general problems, and eventually initiated the theory of functional identities [14] . 
We also encourage the reader to read the elegant survey paper [13], in which the 
author presented a full and detailed account for the theory of commuting mappings. 
Furthermore, Bresar considered linear mappings with Engel condition on prime 
algebras, and especially studied 2-commuting and fc-commuting mappings of prime 
algebras in [5J Q2]. He observed that 2-commuting and fc-commuting mappings 
of certain prime algebras are commuting. Beidar and his cooperators applied the 
theory of functional identities to the study of fc-commuting mappings of (semi- 
) prime algebras with additional structure [TJ [2j E] S] 16] . 

Cheung initially started to study commuting mappings of matrix algebras in 
his beautiful article [T7]- He determined the class of triangular algebras for which 
every commuting linear mapping is proper. Benkovic and Eremita in [7] studied 
commuting traces of bilinear mappings on triangular algebras. They gave mild con- 
ditions under which arbitrary commuting trace of a triangular algebra is proper. 
The authors applied the obtained results to the study of Lie isomorphisms and 
that of commutativity preserving mappings. Du and Wang [19] proved that under 
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certain conditions, each fc-commuting map on a triangular algebra is proper. More 
recently, Li, Wei and Xiao [23] EH [25] [28] jointly investigated liner mappings of 
generalized matrix algebras, such as derivations, Lie derivations, commuting map- 
pings and semi-centralizing mappings. Our main purpose is to develop the theory 
of linear mappings of triangular algebras to the case of generalized matrix alge- 
bras, which has a much broader background. In [28], Xiao and Wei extended the 
main results of |17] to the case of generalized matrix algebras. They described the 
general form of arbitrary commuting mapping of a generalized matrix algebra and 
provided several sufficient conditions which enable the commuting mappings to be 
proper. Li and Wei [231 124] considered semi-centralizing mappings of generalized 
matrix algebras and many ring-theoretic aspect results were extended to the case 
of generalized matrix algebras via complicated matrix computations. 

This paper is devoted to the study of fc-commuting mappings of generalized ma- 
trix algebras. We will describe the general form of arbitrary fc-commuting mapping 
of a 2-torsion free generalized matrix algebra and provide a sufficient condition 
which enables each commuting mapping to be proper. Our work extends the main 
results of [171 US] to the case of generalized matrix algebras and also give the cor- 
responding fc-commuting version of [28[ Theorem 3.6]. 



2. fc- Commuting Mappings of Generalized Matrix Algebras 

Throughout this section, we denote the generalized matrix algebra of order 2 
originating from a Morita context (A, B, M, N, &mn, ^nm) by 



Q:= 



A 
N 



M 
B 



where at least one of the two bimodules M and N is distinct from zero. We always 
assume that M is faithful as a left A-module and also as a right S-module, but no 
any constraint conditions on N. By [23] Section 2.2] we know that every generalized 
matrix algebra of order n(n > 2) is isomorphic to a generalized matrix algebras of 
order 2. In view of this fact and technical considerations, only generalized matrix 
algebras of order 2 are considered in this section. Let fc be a fixed positive integer 
with fc > 2. An TZ- linear mapping O : Q — > Q is called fc- commuting if 



K 


a m 




a to 






' 


" 




)• 












n b 




n b 




k 









for all 



eg. 



a to 
n b 
The center of Q is 



Z{Q) 



mb. 



bn, V to G M, Vn G N 



Indeed, by [21] Lemma 1] it follows that the center Z(Q) consists of all diagonal 
matrices where a £ Z{A) : b G Z(B) and am = mb, na = bn for all m G 

M, n e N. However, in our situation which M is faithful as a left A-module and 
also as a right £>-module, the conditions that a G Z(A) and b G Z(B) become 
redundant and can be deleted. Indeed, if am = mb for all m G M, then for 
arbitrary element a' G A we get 

{aa — aa)m = a{a'm) — a (am) = (am)b — a (mb) = 0. 
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The assumption that M is faithful as a left ,4-module leads to aa' — a'a = and 
hence a 6 Z(A). Likewise, we also have b G 2(B). 

Let us define two natural 7?.-linear projections tta ■ Q — > A and txb '■ G — > B by 



7TA 



a 
n 



m 
b 



a and ttb 



a 
n 



m 
h 



By the above paragraph, it is not difficult to see that it a (Z(Q)) is a subalgebra of 
Z(A) and that ttb (Z(Q)) is a subalgebra of Z(B). Given an element a G tta(Z(Q)), 

if to b \ i [o G tnen we nave am = m& = mfe ' for a11 TO e M - Since 

A/ is faithful as a right B-modulc, b — b 1 . That implies there exists a unique 
b G itb(Z(Q)), which is denoted by <f(a), such that [g "] G It is easy to 

verify that the map (p : tta(Z(G)) — > ttb(Z(Q)) is an algebraic isomorphism such 
that am = mip(a) and na = ip(a)n for all a G t:a(Z(G)), m G M, n G N. 

The following result is a natural extension of [HI Lemma 2.1], which is indis- 
pensable for the proof of our main result. 

Lemma 2.1. Let n be a positive integer and A be a unital associative ring. For 
a left A-module M , if a : A — > M is a mapping such that a(a + 1) = a(a) and 
a n a(a) = for all a G A, then a = 0. Similarly, for a right A-module M' , a 
mapping f3 : A — ¥ M' is zero if f3(a + 1) = /3(a) and f3(a)a n = for all a £ A. 

Before proving our main theorem, we describe the general form of arbitrary 
fc-commuting mapping on the generalized matrix algebra Q. 

Proposition 2.2. Let O be a k-commuting mapping of Q . Then is of the form 



9 



a 
n 



m 
b 



Si(a) 



h{m) + 8 3 (n) + 8 4 (b) 
v 3 (n) 



where 
61 :A 
Mi -A 



Z(B) kl 



8 2 :M 
M2 :M 
t 2 :M 



Z(A) k , 
Z(B) k , 
M, 



Mi (a) 

S 3 :N 
Ms :JV 
vs :N 



T 2 (m) 
/j, 2 {m) + n 3 (n) 



[14(b) 



(*) 



Z(A) k , 
Z(B) k , 
N 



64 :B 
^4 :B 



Z(A) k , 
B 



are all IZ-linear mappings satisfying the following conditions: 

(1) 81 is a k-commuting mapping of A and 8i(l) G Z(A) k ; 

(2) /U4 is a k-commuting mapping of B and M4(l) G Z(B) k ; 

(3) (5 X (1) + <S 4 (1) + 28 2 (m))m = m(/ii(l) + ^(1) + 2/i 2 (m)); 

(4) niSxil) + 84(1) + 28 3 (n)) = + /x 4 (l) + 2/i 3 (n))n; 

(5) 2r 2 (m) = - 5 4 (l))m - m(/ii(l) - ^(1)); 

(6) 2^ 3 (n) = n(^(l) - <5 4 (1)) - ( M i(l) - A*4(l))»- 

Proof. Suppose that the fc-commuting mapping is of the form 



6 



a 
n 



m 
b 



61(a) 
v\ (a) 



8 2 (m) + 8 3 (n) 
u 2 (m) + v 3 (n) 



-84(b) n (a) + ti (m) + t 3 (n) + r 4 (6) 
-u 4 (b) Mi (a) + pL2(m) + /j, 3 (n) + ^(b) 



(2.1) 
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for all [n™] € Q, where 61,62,63,64 are 7?.-linear mappings from A,M,N,B to 
A, respectively; t\,T2, ts,T4 are 7?.-linear mappings from A, M, N, B to M, re- 
spectively; v\, V2, V3, V4 are 7?.-linear mappings from A, M, N, B to N , respectively; 
^1,^2,^3,^4 are 7?.-linear mappings from A, M, N, B to B, respectively. 
For any G E Q, we will intensively employ the equation 





[6(G), G] k = 
Taking G = [J °] into (2.1) leads to 

©(G) 







•Ml) n(i) 
^1(1) 

Combining (2.3) with (2.2) and a direct computation yields 

(-l)*n(l) 



(2.2) 



(2.3) 








= [e(G0,G] fc = 



n(l) = 0, ^i(l) = 0. 

T 4 (l) = 0, z/ 4 (l) = 












= [Q(G),G] k = 



This implies that 

Likewise, we also have 

by putting G = [go] in (2.2). 

Let us take G — [g into (2.2). An inductive approach gives 

" Ma),a] k (-l)*a fc n(a) 
vi{a)a k 

This shows that 

[61(a), a] k = 

for all a E A. That is, 61 is a fc-commuting mapping of A. Substituting a + 1 for a 
in (2.7) we get [<5i(l),a] fc = for all a E A. Therefore 6 1 {1) E Z(A) k . By (2.6) we 
know that a k Ti(a) = 0. In view of (2.4) we obtain ri(a) = ri(a + 1). By Lemma 
[2~T1 it follows that 

ri(a) = (2.8) 
for all a G A Revisiting the relations (2.6) and (2.4) and applying Lemma 12.11 
again we have 

v x (a) = 

for all a E A. 

Let us choose G = [° °J in (2.2). Then 



(2.4) 
(2.5) 

(2.6) 
(2.7) 



(2.9) 








[©(G), G], 



(2.10) 
(2.11) 



r 4 {b)b k 
(-l) k b k ^(b) \jn(b),b] k 

(2.10) implies that 

[ IM {b),b] k =0 

for all b E B. That is to say that /i 4 is a fc-commuting mapping of B. Replacing b 
by b + 1 in (2.11) leads to [^ 4 (1), b] k = for all b E B. And hence ^ 4 (1) G Z(B) k . 
Furthermore, it follows from (2.5), (2.10) and Lemma l!01 that 

r 4 (6) = and 2/4(6) = (2.12) 

for all b E B. 
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Let us choose G = [g g] in (2.1). In view of (2.8), (2.9) and (2.12) we obtain 



6(G) 

Taking (2.13) into (2.2) yields 
[&(G),G] k 



<5i(a) + <5 4 (6) 

^1 (a) + /j, 4 (b) 



(2.13) 








(2.14) 



[61(a) + 64(b), a] k 

\^i(a) + m(b),b] k 

[61(a), a]k + [64(b), a]k 

[^i(a),b]k + [lJ.4(b),b] k 

Note that 8\ and /U 4 are /c-commuting mappings of A and _B, respectively. Thus 
[61(a), a] k = for all a e A and [^ 4 (6),6] fc = for all b £ B. Then (2.14) shows 
that [64(b), a] k = and [/zi(a),6]fc = for all a £ A, b £ £?. That is, 5 4 (6) G -Z(A) fe 
for all b £ B and fj,i(a) £ Z(B)k for all a £ A. 
Let us put G = [ I ™ ] in (2.2) and denote by 

Xi(ll) Xi(12) 



[Q(G),G]i = X. 
for each < i < k. Then 
X l+ \ = 



Xi(21) X t (22) 



X i+1 (U) X i+1 (l2) 
X i+1 (21) X i+1 (22) 

[Xi,G] 

' Xi(U) Xi(12) 
Xi(21) X { (22) 

-mXi(ll) Xi(ll)m - mXi(22) - Xi(12) 
Xi(21) Xi(21)m 

This gives Xi + \(21) = Xi(21) and hence 

X k (21)=X (21) = v 2 (m). 





' 1 


m 




1 











(2.15) 



Note that the fact X k = 0. Then (2.15) implies that u 2 (m) = for all m £ M. 
Therefore 

8i(l) + 5 2 (m) T 2 (m) 

/xi(l) + fj, 2 (m) 



X = 



and 



Xi = [X ,G] 



Si(l)m + 6 2 (m)m — T 2 (m) — m^i(l) — m/i 2 (m) 




(2.16) 



Applying inductive computations we assert that for each i > 0, Xi = (—1)* 1 Xi 
and hence X k = (-l) k ~ 1 Xi. This proves that that X\ = 0. By (2.16) we have 

T 2 (m) = 5\(l)m + 8 2 (m)m — mfi\(l) — mfi 2 (m). (2-17) 

Likewise, we put G = [§ ™] in (2.2) and get 

T 2 (m) = m/i 4 (l) + ra[i 2 (ra) — £ 4 (l)ra — S 2 (m)m. (2-18) 
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Combining (2.17) with (2.18) leads to 

(tfl(l) + S 4 (l) + 2S 2 (m))m = mQn(l) + + 2/i, 2 (m)) 

and 

2r 2 (m) = (Jx(l) - <5 4 (l))m - m(^(l) - /x 4 (l)), 
which are the required statements (3) and (5). 

Let us choose G = (resp. G — [£§]) in (2.2) and repeat the previous 

computational process (2.15) — (2.18). Then 73(71) = will follow. We also get 



v 3 (n) = nSi(l) + nS 3 (n) - ni(l)n - fj, 3 (n)n 



and 



(2.19) 
(2.20) 



lAj(n) = ii 3 (n)n + ln(l)n - nS 3 (n) - nS 4 (l). 
Combining (2.19) with (2.20) gives 

n(6x(l) + 5 4 (1) + 26 3 (n)) = ( Ml (l) + /i 4 (l) + 2^ 3 (n))n 

and 

2^3(71) = n(5x(l) - 5 4 (l)) - ( Ml (l) - /i 4 (l))n, 
which are the required statements (4) and (6). 
Taking G = [§ ft] into (2.2) yields 

[Si(a),a] k + [5 2 (m),a]k = 0. 

Since S 4 is a fc-commuting mapping of A, £2(771) € Z(A)k- Choosing G 
(2.2) and using the same computational methods, we can obtain 63(11) 6 Z(A)k- 
Likewise, ^(m) G Z(B)k and fJ,s(n) G Z(B)k will follow if we take G = [q™] and 
G = [° °] into (2.2), respectively. This completes the proof of this proposition. □ 

The current authors in [23] described the general form of arbitrary derivation on 
the generalized matrix algebra Q and showed that every semi-centralizing derivation 
on Q is zero. We next extend this result to the case of ^-commuting derivations. 

Proposition 2.3. (231 Proposition 4.2] An IZ-linear mapping 0d is a derivation 
of Q if and only if 0d has the form 



(2.21) 



e d 



a m 
n b 



61(a) — mn,Q — m$n amo — mob + 72(771) 
n^a — bno + 1/3(11) n^m + nmo + fi 4 (b) 



(*) 



V 



a m 
n b 



B 



where tuq £ M, no € N and 

Si :A — > A, t 2 :M — > M, v 3 :N — > N, fj, 4 -B 

are all IZ-linear mappings satisfying the following conditions: 

(1) 5\ is a derivation of A with S 4 (mn) = 72(771)77 + 777^3(77); 

(2) fi 4 is a derivation of B with fj, 4 (nm) — 7772(777) + v 3 (n)m; 

(3) 72(0771) = 0x2(777) + 5\(a)m andri(mb) = 72(777)6 + 777/i 4 (o); 

(4) vs(na) = v 3 (n)a + nd\(a) and v 3 (bn) — bv 3 (n) + /i 4 (b)n 

Proposition 2.4. Let Q be a 2 -torsion free generalized matrix algebra. Then every 
k-commuting derivation on Q is zero. 
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Proof. Let @d be a fc-commuting derivation on Q. By Proposition ^. 31 we know that 
0d is of the form 



for all 



( 


a 




n 


a 


m 


n 


b 



m 
b 



5\(a) — mriQ — m^n amo ~ mob + T2(m) 
noa — brio + ^(n) rigm + nmo + fJ-4,{b) 



(2.22) 



G where mo = ri(l),no = ^i(l). Since Od is fc-commuting on 



G, n(l) = ^i(l) = by the relation (2.4). Therefore (2.22) becomes 





a 


to 




( 


n 


b 


H 



(2.23) 



Si(a) r 2 (m) 
u 3 (n) 1x4(0) 

It should be remarked that 5\ and /X4 are derivations of A and B, respectively. 
Thus <5i (1) = ^4(1) = 0. In view of the conditions (5) and (6) in Proposition 12.21 
we know that r 2 (m) = for all m G M and ^3(71) = for all n £ N. Furthermore, 
applying the condition (3) in Proposition 12.31 gives that 5i(a)m = for all a € A 
and m £ M. Since M is a faithful left ^4-module, Si(a) = for all a € A. Similarly, 
by the condition (4) in Proposition 12.31 we can obtain ^^(b) = for all b G B. 
Hence, 0<j has the form 



e d 





a m 




' " 


( 


n b 


)- 






for all 



a 
n 



b 



G G, which is the desired result. 



□ 



Now we are in a position to state the main theorem of this article. This result 
will provide a sufficient condition which enables arbitrary /c-commuting mapping 
on the generalized matrix algebra g to be proper. 

Theorem 2.5. Let g be a 2-torsion free generalized matrix algebra and be a 
k- commuting mapping of g . If the following three conditions are satisfied: 

(1) Z(A) k = n A (Z(g)); 

(2) Z{B) k =n B (Z(g)); 

(3) There exist mo G M and no G N such that 

a 
b 



2(g) 



a G Z(A), b G Z(B), arrio = mob, noa = brio 



then O is proper. That is, G has the form 
9 





a m 


)- 


a m 


< 


a m 


> 


a m 


( 


n b 


n b 


n b 


n b 



where A G Z(g) and £ : g — > Z(g) is an IZ-linear mapping. 

Proof. By Proposition 12 .21 we know that has the form (ic). We will complete the 
proof of this theorem via the following six steps. 

Step 1. 52{m)m = mfj,2(m) and n5%(n) = ii 3 (n)n for all to G M and n G N. 



g z(g). 



(2.24) 



We first claim that 

" «5i(l) + tf 4 (l) 

/ii(l) + /i 4 (l) 

Actually, we have obtained 61 (1) G Z(A)k in the proof of Proposition l2.2l Applying 
the conditions (1) and (3) yields that <5i(l) G Z(A). Likewise, we also have 64(1) G 
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Z(A) and hence Si(l) + <5 4 (1) £ Z{A). Similarly, we get jui(l) + ^ 4 (1) € 2(5). 
Moreover, it follows from the statement (3) of Proposition 12.21 that for arbitrary 
element to G M, 

(<5i(l) + <5 4 (1) + 2<5 2 (to + m)) (mo + to) 
= + <5 4 (1) + 2<5 2 (TO ))m + 2<5 2 (to)to 

+ 2c5 2 (to )to + (^(1) + 5 4 (1) + 25 2 (to))to (2.25) 
= to (mi(1) + Ml) + 2^ 2 (too)) + 2(5 2 (TO)m 

+ 2<5 2 (to )to + m(/ii(l) + Ml) + 2^ 2 (m)). 

On the other hand, the statement (3) of Proposition 12.21 gives 
(<5i(l) + £4(1) + 2(5 2 (m + m))(m + to) 
= (to + m)(/zi(l) + M 1 ) + 2^ 2 (m + to)) 

(2.26) 

= to (/ii(1) + jU 4 (l) + 2^ 2 (to )) + 2to ^ 2 (to) 
+ 2to/u 2 (too) + to(^i(1) + /i 4 (l) + 2/i 2 (to)). 

The above two equalities (2.25) and (2.26) imply that 

2<5 2 (to)to + 2(5 2 (to )to = 2too/x 2 (to) + 2to/x 2 (too). (2.27) 

Taking to = too into (2.27) leads to 4<5 2 (too)too = 4too/X2(too). Since <7 is 2-torsion 
free, 

S 2 (m Q )mo = TOo/i 2 (too) . 
Thus the statement (3) of Proposition l2~2l becomes 

(Ji(l) + <J 4 (l))m = to (mi(1) + Ml))- (2-28) 

Likewise, we by the statement (4) of Proposition 12.21 arrive at 

2n 8 3 (n) + 2nS 3 (n ) = 2^i 3 (n)n + 2fi 3 (n )n. (2.29) 

Thus no^3(no) = ^{ n o) n o wm follow if we choose n = no in (2.29) and consider 
the 2-torsion free property of Q. Now the statement (4) of Proposition l2~2l becomes 

n<,(*i(l) + 5 4 {1)) = (Ml) + M4(l))n . (2.30) 

Combining (2.28), (2.30) with condition (3) completes the proof of (2.24). In view 
of the statements (3), (4) of Proposition 12.21 and (2.24) we obtain 

(5 2 (m)m = m/i 2 (m) and nd 3 (n) = /i 3 (n)n. (2-31) 
By the relations (2.17), (2.18) and (2.31) we get 

T 2 (m) = $i(1)to — TOjUi(l) = TO/i 4 (l) — <5 4 (l)m. (2.32) 
In view of the relations (2.19), (2.20) and (2.31) we have 

v 3( n ) = n5i(l) — /ii(l)n = /i 4 (l)n — n5 4 (l). (2.33) 
Step 2. 5 3 {n)m = m)i 3 (n), /z 2 (m)n = n(5 2 (m) for all to £ M and n G N. 



We assert that 



(#3(n)m — m[i 3 (n))n = 



(2.34) 
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for all m G M,n £ N. Proposition 12.21 shows that 83(12) £ Z(A)k for all n £ N. 
The conditions (1) and (3) force that 63(71) £ Z(A) for all n £ N. Thus 

(63(71)771 — 77i/i 3 (n))7i = 63(71)77171 — 7111x3(71)71 

= 77177,83(71) — 777/73(71)77 = 771(7163(71) — [13(71)71) 

and the assertion follows from (2.31). Using the the same computational method 
we conclude 

71(83(71)171 — 777/73(77)) = 0, 
771(112(771)71 — 7ic>2(to)) = 

and 

(A*2(m)n — n52(77i))m = 0. 
Let us choose G = [* ™]. It follows from (2.32), (2.33) and Proposition 

" 8i(l) + 62(771) + 8 3 (n) 6 1 (l)m - m/ii(l) 
n<5i(l) -/^i(l)n /ii(l) + /i 2 (m) + /i 3 (n) 

Applying the relation (2.31) yields 

Si(l)mn — mn5i(l) 83 (71)777 — 777/73(71) 
^2(™)n — 7182(771) nmfj,i(l) — fii(l)nm 



(2.35) 
(2.36) 



(2.37) 
that 



6(G) = 



[6(G), G] = 



(2.38) 



It should be remarked that 8\(1) £ Z(A), /ii(l) £ Z(B),mn £ A and nm £ B. 
Thus (2.38) becomes 



[6(G), G] 



63(11)771 — 771^3(71) 

/i2 (777)77 — 7182(771) 

Consequently, for each k > 2, the relations (2.34)-(2.37) jointly give 

0] _ , . . , _ (-l) fe+1 ((5 3 (n)m- 777/73(77)) 

J ~ 1 1 J ' Jfe " [ fjL2(m)n - n5 2 (m) 

Therefore 



(2.39) 



Step 3. 



53(77)777 = 771/73(77) /j,2(m)n = nS 2 (m). 
82(771) 



(2.40) 



/i2(m) 
Z(5) for all n G AT. 



G -Z(£) for all to G M and 











It is not difficult to verify that 

5 2 (m ) 
^2(m ) 

Indeed, by Proposition 12.21 and the conditions (1), (2) and (3) we have 

8 2 (m) £ Z(A) and /t 2 (m) G Z(S) 

for all to G M. Furthermore, (2.31) and (2.40) imply that 

8 2 (m )mo = m fi2(m ) and no($ 2 (mo) = ^2(rn )n a . 

Then (2.41) follows from (2.42), (2.43) and the condition (3). 

By the definition of Z(Q) and the relation (2.41) we know that c>2(too)to = 
777/72(7710). This forces (2.27) to be 

<5 2 (to)too = TO /i 2 (77i). (2.44) 



(2.41) 

(2.42) 
(2.43) 
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Combining the relations (2.40), (2.44) and the condition (3) leads to 

£Z(Q) 



8 2 (m) 
H2(m) 



for all m £ M. Similarly, it can be proved that 

" h{n) 







£Z(Q) 



(2.45) 



(2.46) 



for all n £ N. 

Step 4. For all a £ A, m £ M and n £ N, we have 

(a) 5i(a)m — m^i(o) = a(5i(l)m — ra/zi(l)) = a(mfii(l) — 8n(l)m), 

(b) n8\(a) — fii(a)n — (n<5i(l) — fii(l)n)a — ((14(1)11 — nSi(l))a. 



Let us choose G = [g ft]. Then (2.31) and S 2 (m) £ Z(A) imply that 
[9(G), G] 



[61(a), a] a x 




where a\ = di(a)m — mfJ,i(a) — a(8i(l)m — m/ii(l)). It should be remarked that 
there exists a unique algebraic isomorphism ip : -ka(Z(Q)) — > ttb(Z(Q)) such that 
am = rmp(a) and na = tp(a)n for all a £ ita(Z(Q)), m £ M and n £ N . Therefore 

a% = 5\(a)m — ip~ 1 (/j,i(a))m — aSi(l)m + a<p (ni(i))m. (2.47) 

On the other hand, we by an inductive computation have 

[61(a), a]., 




[0(G), G]i = 



a, 




for each i > 1, 



where on = [81(a), a]j_im — ac^-i. Then 
= a k 

= [61(a), a]k-im- a[8i(a),a]k-2m + 



(-a) k ~ 2 [8i(a),a}m + (-a) k 1 a 1 . 



(2.48) 



Combining (2.47) with (2.48) yields that 

0= ([81(a), a] k -i + --- + (-a) k - 2 [8 1 (a),a] 

+ (-a) k -\8i(a) - <p~ x (iii(a)) - a8 x (l) + a^- 1 (/i 1 (l))))m 
for all m £ M . The fact that M is a faithful left A-module leads to 
(-a) k - 1 ( t n(a) + a8i(l)-ai^i(l)) 

= Ma), a] fe _i + • • • + (-a) k - 2 [8i(a), a] + (-o)*-Mi(o). 

Then Proposition 12.21 and the condition (1) show that (~a) k ^ 1 ((ii(a) 
a/^i(l)) S Z(A). That is, 

[5i(a),a] k -i + ■■■ + (-a) k - 2 [8i(a),a\ + (-a) fe - 1 5 x (a) e Z(A). 

We assert that [81(a), a] = for all o£ A Indeed, it follows from (2.49) that 

[[ < 5 1 ( a ),a] fc _ 1 + --- + (-a) fc - 2 [,5 1 (a),a] + (-a) fe - 1 5 1 (a), a ] fc _ 1 =0 (2.50) 

for all a £ A. Since 81 is a fc-commuting on A, 

a^Ma)^}^! =0 



(2.49) 
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for all a G A. Furthermore, the fact that <5i(l) G Z(A) gives [Si(a + 1), a + l]k-i = 
[61(a), a]k-i for all a G A. By Lemma [2.11 we get [5i(a), a)k-i = for all a G A. 
Repeating the same process we arrive at 

= [61(a), a]k-i = [61(a), a]k-2 = ••■ = [61(a), a]. (2-51) 

Taking the relation [<5i(a),a] = into (2.48) we obtain a k ~ 1 cti — 0. Let us fix 
arbitrary element to G M and define a (a) = 8i(a)m — mfj,i(a) — a(8i(l)m — m[ii(l)). 
Then 

a(a + 1) = Si(a + 1)to — m^i(a + 1) — (a + 1)(<5i(1)to — to/j,i(1)) 
= i5i(o)to — m/ii(a) + <5i(1)to — m/ii(l) 

— a(8\(l)m — TO/ii(l)) — <5i(1)to + m/ii(l) 
= 5i(a)m — mfii(a) — a(6i(l)m — to/ii(1)) — a(a) 

Applying Lemma 12. II again we have a(a) = 0. Thus 

(>i(a)TO — m/xi(a) = a(<5i(l)TO — to/ji(1)). (2.52) 
Combining (2.32) with (2.52) yields 

8i(a)m — m/j,i(a) = 0(771/14(1) — ($4(1)771). (2.53) 

This completes the proof of (a). Likewise, if we take G = [% S], then (2.31) and 
63(12) G Z(A) imply that 

" [^(0), 0] " 
/Si 

where j3\ = (n8\(\) — fj,i(l)n)a-\- fj,i(a)n — n6\(a). We by an inductive computation 
conclude 

[61(a), a]i 
ft 

where ft = ft-ia — n[8i(a), a]j_i. Then 

= ft = fta^ 1 - n^a),^- 2 n[5i(a),a] fe _i. (2.54) 

Taking (2.51) into (2.54) we obtain f3ia k ~ 1 = 0. Let us fix arbitrary element n G N 
and define /3(a) — (n8\(l) — ni(l)n)a + ni(a)n — n5\(a). A direct computations 
gives /3(a) = /3(a + 1). In view of Lemma [2TTT we have (3 = 0. That is, 

(n6 i(l) — ni(l)n)a = n8i(a) — Hi(a)n. (2.55) 

It follows from the relations (2.33) and (2.55) that 

(Hi(l)n — n8i(\))a = n8i(a) — fj,i(a)n, (2.56) 

which is the desired result (b). 

Step 5. For all 6 G B, to G M and 71 G N, we have 

(c) 54(6)771 — 171/14(6) = (m/ii(l) — <5i(1)to)6 = (84(1)171 — m(X4,(l))b, 

(d) 1184(b) ~ fj,ti(b)n = b(/ii(l)n — n8i(l)) = b(n6i(l) — (14(1)71). 

Let us choose G = [q ™]. Then (2.31) and jU 2 (m) G Z(A) imply that 



[9(G), G] 



[0(G), G]< 



for each i > 1, 



[9(G), G] = 



71 
M&),6] 
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(2.57) 



[6(G), G]i = 



for each i > 1, 



m[/i 4 (6),6] fc _ 



(2.58) 



where 71 = 5i{b)m — 771/14(6) — (m^i(l) — 5i(l)m)6. Note that there exists a unique 
algebraic isomorphism <^ : tta(Z(G)) — > t^b{Z(Q)) such that am = mip{a) and 
na = (p(a)n for all a G 7Ta(-2((?)), m £ M and n £ AT. Therefore 

7l = my(5 4 (6)) — 77l/i4(6) — 777/11 (1)6 — 77l(y9((5l(l))6. 

On the other hand, we by an inductive computation get 

7* 
\jxi{b),b]i 

where ji = 7j_i6 — m[/i4(6), b]i-\. Then 

= 7fc-7i&^ 1 -m[/ i4 (6),6]6 fc - 2 

Combining (2.57) with (2.58) yields that 

= m((<p(S 4 (b)) - M4 (6) - Mi (1)6 ~ 

-[/*(&), 6]6*- a [/*(&), 6] fc _i) 

for all m G M. Since M is a faithful right _B-module, we have 

M<5 4 (6))-/i 1 (l)6-^ 1 (l)6))6 fc - 1 

= mi*)*- 1 + \jn(b), b]b k - 2 + ■ ■ ■ + [/i 4 (6), 

Then Proposition ^. 2l and the conditions (1) and (2) jointly give (<^(5 4 (6)) — /Zi(l)6 — 
^(5i(l)6)6 fe - 1 G Z(S). That is, 

/ u 4 (6)6 fe - 1 + [/7 4 (6), 6]6 fc - 2 + • • • + Mb), fc] fc -i G (2.59) 

We conclude that [/i 4 (6),6] = for all 6 G B. Indeed, it follows from the relation 
(2.59) that 

MS)**" 1 + [/7 4 (6), 6]6 fc - 2 + ■ ■ • + [ M4 (6), b] k - lt 6] fe _! - (2.60) 

for all b £ B. Since jU 4 is fc-commuting on B, 

[/i 4 (6),6] fc _i6 fc - 1 =0 

for all b E B. Furthermore, /i 4 (l) G 2(B) leads to [/i 4 (6+l), 6+l] / r._ 1 = [/i 4 (6), 

for all b € B. Applying Lemma l!01 we obtain [/i 4 (6), 6]fc_i = 0. Repeating the same 

process as above we arrive at 

= [yu 4 (&),&]fc-i - M&), 6 U-2 = • • • = M&)> 6]. (2.61) 

Taking [/i 4 (6), 6] = into (2.58) we get 7i6' £ ~ 1 = 0. Let us fix arbitrary element m G 
M and define 7(6) = (54 (6)777 — 777/74(6) — (777/11(1) — ($1(1)777)6. A direct computations 
gives 7(6 + 1) = 7(6). And hence 7(6) = by Lemma I2TT1 That is, 



54(6)777 — 777/7.4(6) = (m/7i(l) — <5i(l)?7i)6. 

It follows from the relations (2.32) and (2.62) that 

54(6)777 — 777/7.4(6) = (54(1)777 — 777/l 4 (l))6. 

This completes the proof of (c). 

In order to prove (d), let us take G 
imply that 



(2.62) 
(2.63) 



° Then (2.31) and /z 3 (n) G Z{B) 



[6(G), G] = 





7/1 [/i 4 (6),6] 
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[e(G),G], 



where 771 = fj,4,(b)n — nSi(b) — 6(/«i(l)n — nSi(l)). It is easy to verify that for each 
i > 1, 



r)i \p.4(b),b]i 

where rji = [fii(b), 6],_in — 677,-1. Therefore 
= i]k 

= [fii{b), b] k -m - b\pn(b), 6] fe _ 2 n + • • ■ + (-b) k - 2 [fi 4 (b),b}n + (-&)*" V 

(2.64) 

In view of the relations (2.61) and (2.64) we have b k ~ lr qi = 0. Let us fix arbitrary 
element n G N and define 77(6) = H4,(b)n — 71*4(6) — 6(/ti(l)n — n8\(l)). Then a 
straightforward computations gives 77(6) = 77(6 + 1). By Lemma l2. II again it follows 
that 77 = 0. That is, 



Hi{b)n — nS^b) — b(fii(l)n — n5±(l)). 

Combining (2.33) with (2.65) leads to 

71*4(6) — Hi{b)n = 6(n*4(l) — 714(1)77,). 

This completes the proof of this step. 
Step 6. 9 is proper. 



(2.65) 
(2.66) 



Suppose that 



n(X) :=Q(X)-XC 



for all X £ Q 1 where C = 



G Z(Q). We assert 



n 





a 


m 




( 


11 


b 





(2.67) 



«l(l)-*> _1 (/n(l)) 

¥ >(«5 1 (1))- Ml (l)_ 

that fi(tj) C Z{Q). Note that there exists a unique algebraic isomorphism ip : 
■ka{Z{Q)) — > ttb(Z(Q)) such that am — mtp(a) and na = <p(a)n for all a 6 
TTA(Z(Q)),m G M and n E N. Thus we get 

£1(0) - 0*1(1) + av> -1 (Mi(l)) 
^1(0) 

* 4 (6) 

/x 4 (6) - ty(<Ji(l)) + 6/ii(l) . 
*aM + 6 3 (n) 

/t 2 (m) + /t 3 (n) 

for all [£ G 0. By the relation (2.52) we know that 

(61(a) - a*i(l) + aip^ 1 (fii(l)))m — m/ii(a) 
= a(8i(l)m - m/ti(l)) - a(*i(l) - ¥J _1 (/ii(l)))m 
= 

for all a€ A,m e M. That is, 

(*i(a) - a*i(l) + a</j -1 (/ii(l)))m = m/n(a) (2.68) 

for all a G A, to G M. In view of the relation (2.55) and the fact *i(l) G Z(A) we 
obtain 

n(6\(a) - a5\(l) + aip~ (ni(l))) — /«i(a)n 
= (n*i(l) - m(l)n)a - na(S 1 (l) - ^(^(l))) 
= 
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(2.70) 



for all a £ A, n £ N. Therefore 

n(5x(a) - aS x (l) + a^ _1 Gui(l))) = m(a)n (2.69) 

for all a £ A, n £ AT. In view of (2.68), (2.69) and the definition of -Z({?) we conclude 

6 1 (a)-aS 1 (l) + a(p- 1 (iJ,i(l)) 
^i(a) 

for all a£ A Likewise, the relation (2.62) and the fact £ Z{B) jointly lead 

to 

S 4 (b)m - m(/x 4 (6) - bcp(6i(l)) + 
= (m/xi(l) - 5i(l)m)6 + m&(^i(l)) - /ii(l)) 
= 

for all b £ .B, m £ M. This implies that 

<5 4 (6)m = m(/i 4 (6) - 6v(«i(l)) + 6/ii(l)) 
for all 6 £ B,m £ M. It follows from (2.65) that 

(/i 4 (&) - M<*i(l)) + 6/ii(l))n - n<5 4 (6) 
= 6(tw5i(1) - A«i(l)n) - %(<5i(l)) - /*i(l))n 
= 

for all b £ B,n € N. This shows 

n<5 4 (6) = ( M4 (6) - + bm(l))n 

for all 6 £ B,n £ AT. Taking into account (2.71), (2.72) and the definition of Z(Q) 
yields 

" 5 4 {b) 

/i 4 (6)-6^(5i(l)) + &/ii(l) 
for all b e B. Then (2.45), (2.46), (2.70) and (2.73) prove that 



(2.71) 



eZ(Q) 



(2.72) 



(2.73) 



a m 
n 6 



for all 



a m 
n b 



£ C?, which is the desired assertion. 



□ 



The following result will be used in the sequel. 

Corollary 2.6. If Z(A)k = 72.1 = Z(B)k, then every k-commuting mapping of Q 
is proper. 

Indeed, since 72.1 C tx a (Z{Q)) C Z{A) C Z(A) fe = 721, we have 721 = Z(A) = 
Z(A)k = tta(Z(Q)). Likewise, we get 721 = Z(B) = Z(B)k = ttb(Z(Q)). It is easy 
to check that the condition (3) of Theorem 12.51 is satisfied. This corollary follows 
from Theorem I2J3] 



In particular, if the generalized matrix algebra Q degenerates one general trian- 
gular algebra (that is, Q — ^ ). then our main result Theorem l2"T5"l contains 
the main theorem of [19] as a special case. 

Corollary 2.7. [191 Theorem 1.1] Let T be a 2 -torsion free triangular algebra and 
be a k-commuting mapping of T . If the following three conditions are satisfied: 
(1) Z(A) k = n A (Z(g)); 
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(2) Z{B) k = n B (Z(G)); 

(3) There exists mo € M such that 



Z{Q) 

then is proper. 



a 6 Z(A), b 6 Z(B),arriQ = mob 



3. Applications 

In this section, we will present some applications of fc-commuting mappings to 
full matrix algebras, inflated algebras , upper and lower triangular matrix algebras, 
nest algebras and block upper and lower triangular matrix algebras. 

3.1. Full matrix algebras. Let 1Z be a commutative ring with identity, A be a 
2-torsion free unital algebra over 1Z and M n (A) be the algebra of n x n matrices 
with n > 2. Then the full matrix algebra M n (A)(n > 2) can be represented as a 
generalized matrix algebra of the form 



M n (A) = 



A Mi x(n _i)(A) 
M (n _ 1)xl (A) M„_i(A) 



Corollary 3.1. Every k-commuting mapping on the full matrix algebra M n {A) or 
M n (lZ) is proper. 

One can directly check that M n (A) or M n (lZ) satisfies all conditions (l)-(3) of 
Theorem l2.5l Therefore, every commuting mapping on M n (A) or M n (lZ) is proper. 
We would like to point out that this corollary can also be obtained by applying the 
notion of Fl-degree of functional identities and related results in [T3] . 

3.2. Inflated algebras. Let A be a unital 7?.-algebra and V be an 7^-linear space. 
Given an 7^-bilinear form 7 : V ®ti V — > A, we define an associative algebra (not 
necessarily with identity) B = B(A, V, 7) as follows: As an 7?.-linear space, B equals 
to V ®k V 07j A. The multiplication is defined as follows 

(a ($> b ® x) ■ (c ® d <g> y) := a® d® xj(b, c)y 

for all a, b,c,d<E V and any x, y E A. This definition makes B become an associative 
7^-algebra and B is called an inflated algebra of A along V. The inflated algebras 
are closely connected with the cellular algebras which are extensively studied in 
representation theory. We refer the reader to [20] and the references therein for 
these algebras. 

Let us assume that V is a non-zero linear space with a basis {v\, ■ ■ ■ ,v n }. Then 
the bilinear form 7 can be characterized by an n x n matrix F over A, that is, 
r = (7(^1, Vj)) for 1 < i,j ' < n. Now we could define a new multiplication " o " on 
the full matrix algebra M n (A) by 

XoY :=XTY for all X,Y E M n (A). 

Under the usual matrix addition and the new multiplication "o", M n (A) becomes a 
new associative algebra which is a generalized matrix algebra in the sense of Brown 
[16] , We denote this new algebra by (M n (A),T). It should be remarked that our 
current generalized matrix algebras contain all generalized matrix algebras defined 
by Brown [16] as special cases. By [20] Lemma 4.1], the inflated algebra B(A, V, 7) 
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is isomorphic to (M n (A),T) and hence is a generalized matrix algebra in the sense 
of ours. 

Corollary 3.2. Let A be a unital IZ-algebra, V be an IZ-linear space and B{A 1 V, 7) 
be the inflated algebra of A along V. If B(A,V,"f) has an identity element, then 
each k-commuting mapping of B(A, V, 7) is proper. 

Proof. If B(A,V, , y) has an identity element, then the matrix F defined by the 
bilinear form 7 is invertiblc in the full matrix algebra M n (A) by [201 Proposition 
4.2]. We define 

a:M n (A) — ► (M n (A),r) 
X 1 — ► XT- 1 . 

Note that a(X) o a(Y) = a(X)Ta(Y) = XYT^ 1 = a(XY) for all X, Y G M n (A) 
and hence er is an algebraic isomorphism. Now the result follows from Corollary 
EQand the fact B(A, V, 7) (M n (A),T). □ 

3.3. Upper and lower matrix triangular algebras. Let 1Z be a 2-torsion free 
commutative ring with identity. We denote the set of all p x q matrices over 1Z 
by M pxq (lZ). Let us denote the set of all n x n upper triangular matrices over 
1Z and the set of all n x n lower triangular matrices over 1Z by T n (TZ) and Tn(lZ), 
respectively. For n > 2 and each 1 < k < n — 1, the upper triangular matrix algebra 
T n {TZ) and lower triangular matrix algebra T^iV-) can be written as 

TOT 

M (n _ fc)xfc (ft) 7;:_ fe (7e) J ' 

respectively. 

Corollary 3.3. Every k-commuting mapping of the upper triangular matrix algebra 
7~n{7Z) ( resp. the lower triangular matrix algebra 1~^{TZ)) is proper. 

We will give a unification proof for the cases of the upper and lower triangular 
matrix algebras and nest algebras in below. 

3.4. Nest algebras. Let H be a complex Hilbert space and 23(H) be the algebra 
of all bounded linear operators on H. Let / be a index set. A nest is a set Af of 
closed subspaces of H satisfying the following conditions: 

(1) 0,H G AT; 

(2) If Ni,N 2 e TV, then either Ni C N 2 or N 2 C Nf, 

(3) If {iVijigj C Af, then n, e/ 2V ( G A/"; 

(4) If {Ai}i e / C A/", then the norm closure of the linear span of \J ieI Ni also 
lies in Af. 

If A/" = {0, H}, then A/" is called a trivial nest, otherwise it is called a non-trivial 
nest. 

The nest algebra associated with Af is the set 

T{Af) = { T G 23(H) I T(N) C for all A G A"}. 



r„(^) = 



x (n — k) 

Tn- k {n) 



and 7;'(7e) = 



A nontrivial nest algebra is a triangular algebra. Indeed, if N G A/"\{0,H} and 
E is the orthogonal projection onto N, then Af\ = E(Af) and A2 = (1 - E)(Af) 
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are nests of N and N 1 -, respectively. Moreover, T(A/i) 
(1 - E)T(N)(1 - E) are nest algebras and 



ET(N)E,T(N 2 



T{M) = 



T(M) ET{N){1-E) 
O T{N 2 ) 



Note that any finite dimensional nest algebra is isomorphic to a complex block 
upper triangular matrix algebra. We refer the reader to [18] for the theory of nest 
algebras. 

Corollary 3.4. Every k-commuting mapping of the nest algebra r(7V) is proper. 



We now give a unification proof for Corollary 13.31 and Corollary 13.41 by an in- 
duction on k. For convenience, let us set W = T n (H), T„ (H) or r(Af). The case 
of k = 1 is clearly trivial, since Z(W)i = HI. Let us choose an arbitrary element 
W S Z(W) k . Then [[W, X],X] fe _i = for all X eW. If W is a trivial nest algebra, 
then W = £>(H) is a centrally closed prime algebra. By [22l Theorem 1] it follows 
that [W, X}=0 for all X 6 W. This implies that W € Til and that Z(W) k = Til. 
If W is a nontrivial nest algebra or an upper triangular matrix algebra. Then W 
can be written as the triangular algebra 



A M 
O B 



In view of the induction hypothesis we have Z(A)k-i 
Corollary |2.6l we know that there exist A € 7Z and £ : W 



HI = Z(B) k ^. By 
> 1Z1 such that 



[W,X] = XX + C(X) 



for all X € W. Therefore 



(VF - \I)X + X(-PF) e Z(W) = m 

for all X € W. A straightforward computation leads to (W — XI) = — (— W) £ 
Z(W). This shows that Z(W) k = HI. Thus = HI = Z{B) k . It follows from 

Corollary 12.61 that every fc-commuting mapping on the upper (resp. lower) trian- 
gular matrix algebra T n {H) (resp. 7~n{H)) is proper. Likewise, every fc-commuting 
mapping on the nest algebra r(J\f) is also proper. 



3.5. Block upper and lower triangular matrix algebras. Let C be the com- 
plex field. Let N be the set of all positive integers and let nfN. For any positive 
integer m with m < n, we denote by d = (di, ■ ■ ■ ,di,- ■ ■ , d m ) £ W n an ordered 
m- vector of positive integers such that n = d± + ■ ■ ■ + di + ■ ■ ■ + d m . The block upper 
triangular matrix algebra B„(C) is a subalgebra of M n (C) with form 

M dl (C) ••• M dlXdi (C) ••• M dlXdm (C) " 

M di (C) ••■ M diXdm (£) . 

O : 

M dm (C) 



B d n (C) = 
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Likewise, the block lower triangular matrix algebra £?„ (C) is a subalgebra of M n (C) 
with form 

M dl (C) 

: '•• O 

M diXdl (C) ••• M di (C) 

M dmXdl (C) ... M dmXdi (C) ... M dm (C) _ 

Note that the full matrix algebra M„(C) of all n x n matrices over C and the 
upper(resp. lower) triangular matrix algebra T„(C) of all n x n upper triangular 
matrices over C are two special cases of block upper(resp. lower) triangular matrix 
algebras. If n > 2 and -B^(C) ^ M n (C), then B^(C) is an upper triangular algebra 
and can be written as 

Bf (C) Mj^fliC) ' 

°(n-j)xj B n-j(Q J ' 

where 1 < j < m and d x e N 3 ,d 2 G N" 1- - 7 . Similarly, if n > 2 and B^(C) ^ M„(C), 
then B' r f(C) is a lower triangular algebra and can be represented as 

Bf(C) 0,x(„-,) " 
M {n _ j)xj (C) B^.(C) _ ' 

where 1 < j < m and rfi G N- 5 , d 2 G N m_J . 

Corollary 3.5. Every k-commuting mapping of the block upper triangular matrix 
algebra Bf^C) (resp. the block lower triangular matrix algebra B'^(C)) is proper. 
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